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In this article the nature of the peculiarities (in the neighborhood of
a point of the application of concentrated forces and moments) of the
functions u, ..., Tl' ..., My which represent the displacements,
stresses, and moments in the shell are investigated. The problem is
solved in its general setting (the shell is of arbitrary shape) for
general equations of moments of the linear tlieory of shells. Besides,
for shells of positive Gaussian curvature, the problem is considered
also for the equations of the membrane ("momentless") theory of shells.
The results obtained in this work are generalizations of results ob-
tained earlier for shells of particular type. For example, the case when
the concentrated forces and moments act on a spherical shell was treated
in an article by Gol'’denveizer [1); the case of a cylindrical shell was
considered by Darevskii [2]. Chernykh [3] dealt with shells of arbitrary
shape, but did not carry out the investigation to the end.

For the solution of the problem the author makes use of results ob-
tained for fundamental solutions of partial differential equations of
the elliptic type. The information required is presented, for example,
in the works of Gel’ fond and Shilov 4], Levi (5], Ion [6], Lopatinskii
(7] and others.

The problem is the following: to express in explicit form the main
singularities of the solutions u, v, w» of the differential equations of
equilibrium for a shell when this shell is subjected to the action of a
concentrated force and concentrated moment.
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Forces and moments on an elastic thin shell 173

A fundamental solution of a differential equation L(®) = 0 is a solu-
tion of the operator equation L(®) = &(§ - §,), where L is a differential

operator; § = {&l. .. § }, €o = {§1 , , Eno} are vectors ip an n-
dimensional space, and is the Dirac funmction.

The connection between the problem and the fundamental solutions be-
comes evident if one recalls that a concentrated force is usually con-
sidered as the limit of a definite distribution of the loading, or as
the solution of a differential equation having a definite singularity.
In what follows we shall use the first definition with certain refine-
ments which permit us to apply the theory of generalized functions.

By a concentrated force, applied at the point § = 0, we shall mean
the limit of the sequence of distributed loads q,, satisfying the follow-
ing conditions.

1. For every given M > 0, and for la) <M, |6l <M, the quantities

iﬁqv@)dgl

are bounded by a constant independent of a, b, and v (depending on /).

2. For all a and b different from zero

o

. 0 b0, 0 <b
lim (g )8 = { § (e< (f<0<<,,“) -0

V=00 =
a

The limit of functions g, possessing these properties is called the
Dirac &-function in the theory of generalized functions [4]. Ilence the
accepted definition of a concentrated force is equivalent to that of a
Dirac 5-function. The sequence of the functions g, will be called a 5-
type sequence.

We shall next give the definition of a concentrated moment. A con-
centrated moment is the limit as v ~ ® of the distributed loadings g,
which have the form of the function represented in Fig. 1.

The branches of the functien g, to the right and left of § = 0, form
5-type sequences. We shall require that as v ~ o these loadings yield a
constant moment of intensity one with respect to the point { = 0, and
that the resultant be zero.

The first of these requirements yields the equation

b
lim (2g. (&) a2 =1 (a <0< b) (1)
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The second requirement leads to the following equation
b

gggq@dko (a <0<b) )

From (1) one obtains, through integra-
tion by parts, the result

b E‘ g
tim { @t { g, (m dn = —1 @) |
With the aid of (2) and (3) we can 7 LE
show that ///”——_.

lim g, = — &' (0)

Here 8’ denotes the derivative of the &-function which, according to
(4], is defined in the following way.

Let ¢(€) be any function belonging to the class of k-times (k> 2)
differentiable functions. If f(§) is such that

d
(/@ e =—0 E) (¢ <8< d)

then f(§) = 6'(§ - §,). Thus we must show that

1~

lim | ¢.(5) @ (§)dE = ¢’ (0) (4)

v—00

Indeed, integrating (4) by parts, we obtain
b b b 13
lim{ ¢. @) o @)t =Ime g @)t | — lim Sw’(&)dﬁgqv(n)dn
v-*ocu v—+00 a y-—+Q0

The first term on the right-hand side is equal to zero by (2), the
second one is equal to ¢'(0) in view of (3) and the arbitrariness of a

and b.

Let the given shell be represented by means of orthogonal coordinates
(x, B). The intensity of a unit concentrated force, and the intensity
of unit concentrated moments directed along the « and B axes, can be ex-
pressed by means of the functions

3 t_ 28 )
AB AB* 58 ° T A*B 91

respectively, where A and B are the coefficients of the first quadratic
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form of the surface of the shell. In what follows, we shall assume that
the surface is expressed in terms of orthogonal, conjugate coordinates.

We shall begin with the differential equations of equilibrium and
with displacements which can be expressed in the form

1 —ct
Ot A4 Dy -+ Dpgw = — WX

{53
Dol + Dgg¥ 1 Dogw = — ——.qu—y ()
4 — Y]

A31u ‘+‘ Aazv *‘}" Aag'll) = TE‘T?" Z

D= Dk -+ Dig

Here u, v, and w are displacements, X, Y, and 7 are the components
of the loading, Aiz are operators containing derivatives of higher order,
and the A, are operators involving the remaining terms.

The content of the operators A;, will be taken from the equations of
equilibrium given by Gol’denveizer [9]. Then the matrix from the oper-
ators A9 will have the form

9 {1—a 2 2 h?
F4 (Daa 2 DBB) qlDaB 3R1 DQA l!
2 1—s5 52 2 h?
|
R {—0 3 [ X i—s 3 h? |
= =D D e | — D — D — A\?
ﬁ 3 [Rl AN 5 P GBBJ 3 [R2 BA 5 p aaﬂ] 3 A h
Here (6)
ht 140 h? {1—s5 h? . ,
Pi=l4spe, G=— ‘gm— 7 gz (=19
1 1 1 9 1 o h?
P=f —& L=mmtmam =1ty
Further, we have introduced the symbols
40 2 1 19
Dy = 3=, Dog = <5 553 D= 5—5,. ..

which will be used in the sequel. R, and R, are the principal radii of
curvature; 2h is the thickness of the shell. It is assumed that 4, B,
R, and R, are nonvanishing functions which have derivatives of the re-
quired order, and that A and B # o,

Let us denote by I, the algebraic cofactor of the term 4.$ in the
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matrix HA;‘%”' and let us write down the matrix ”likn

1—Gp 2 R 146 nae h? {—¢
(TPl + Deb) a0, =S DRt D[ =T D Do
h* 14¢ 2 h? 1—a h? ’ {—a
— et S (Pa AR DRl 8% Dy reDa— S22 ik |
12 {1—s P h? P {—s 1i—s
_3__Du{ﬂ —F D +"31DBB] A, 5 Dy [Fsan SE, D, ]Ag ~—5— Iy
where
g = b33 Fog o= b e 30
37 Ry 2R, BT R 2R,
SR - R E S |
2Rz Rl 2R1 R2

The system of equilibrium equations is a system of the elliptic type,
and the elliptic operator A has the form

t—g k2
A = 0| = =52 5 (P:Dabea + 2PsDatps + P1Dghas) A

In what follows we shall drop the quantities h2/3RiRk (i, k=1, 2)
because they are small compared to one. We shall assume that

{—0c h%

’\_23

At M

Let us investigate the problem for the case when the concentrated
force acts in the direction parallel to a coordinate axis. Then, on the
right-hand sides of the system (5), one must set X = 8§/AB, Y =7 =0,
and one has to find the solution of the system

1-—02 @
At + Dyp + Dy = — S5 o5
Dyl + Dggv + Dggw = 0

Dyt 4 Dggv + Dagsw = 0
Making use of Levi's method [5], we express u, v and w in the form
u=1u® (@, B, %, Bo) -+ | { 2u® (o B, & 1) f1 (&, m, o0, Bo) dBdn
&

v =11, ® (o, B, %, Bo) + % Slw@ (=, B, &, M) /2 (€, m, 00, Bo) dEdn ®)
(&)
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w == ZIS(D (d'r Br oy BO) + SSZB(D (@, Br En ﬂ) f3 (En Tl, oy BO) dgdﬂ

G}

where f, is still an unknown function, ®(a, f, @, B,) is a fundamental
solution of the equation

— 22 ABA® = 8 (o, Bo)

Levi gives a general method for finding 0. For the case under con-
sideration when A has the form (7), the principal part of the funda-
mental solution y, that is the part of highest singularity, has the fomm

o 3
b= 36 X 64 X 2nh3 (1 + o)

rlnr?, = A% (o — t)® + B (B — fo)?

We shall express the function ® in the form ® = y + Y. Here, and in
what follows, ¥ will represent all terms of lower singularities than
those of the terms written out explicitly. The symbol ¥ may thus stand
for different expressions in different formulas. We give certain rela-
tions which we shall need

A‘p=—4x64 Mlart 4+ ¥, N\p—_—_-ﬁ%rﬁlnr’—}—‘lf
ufg_yp:wgrrglnrz—g_Ag(a—ao)glnr2+‘I’
2 6
Dty = —grlnr + ¥, %=y

The derivatives of Ay, A%y with respect to B can be written down in
a similar way. For the determination of the unknown function f, one can
obtain a system of Fredholm integral equations of the second kind by
substituting (8) into the original equations. Ilowever, here we shall not
consider the construction of the functions f; because the aim of our
investigation is the finding of the principal singularities, which are
contained in the first terms of the right-hand sides of the equations
(8). We shall prove this last assertion.

In order to find the principal singularities of the solutions, it is
sufficient to consider a system of equations in which only the highest
order derivatives are retained (see, e.g. [6]). In the case under con-
sideration, if the original system of equations should have constant co-
efficients, then the expressions u = 1,0, v = 1,,0, and w = 1,0 would
give the required solutions.

The solutions of a system with variable coefficients will be of the
same form in the neighborhood of the point where the concentrated forces
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are applied. This follows from the work of Bers [8]. There it is proved
that the singularity of the fundamental solution of a differential equa-
tion with variable coefficients in the neighborhood of a singular point
consists of the singularities of the fundamental solution of the equa-
tion with constant coefficients, and of singularities of lower order
than the principal ones. This assertion is valid also for the deriva-
tives of the fundamental solution.

The problem of the action of concentrated forces Y and Z is sclved
in an analogous manner. The results of the computation are given in

Table 1.

Let us now consider the action of a concentrated moment. Having de-
fined it as the limit of a normally distributed loading, we shall look
for the solution of the following system

Dy A Dy + Hygw = 0 (Ml = Z}B— DB‘5>
Aglu + Agzv + A23w =0 (M2 = — fé— DQ(S) (g)
1 —q?

Dayll + Dagv + Dy = M; ((=1,2

2Eh
where M, stands for the moment about the a-axis, while M, represents the
moment about the 3-axis.

We solve the system (9) by the same method, except the function ® in
(8) is replaced by ®, which is a solution of the equation

1-— c?
ADy = 5~

From the theory of generalized functions it is known that if ¢ is a
fundamental solution of the equation A® = §, the d0/dx is a solution of
the equation A® = 95/3x. From this it follows, as was to be expected,
that the principal parts of the solutions in the given case can be ob-
tained by simple differentiations of the obtained principal parts of the
solutions u,, v, and w, for the action of the concentrated force Z with
respect to the same variable with respect to which the 5-function 1s
differentiated that stands on the right-hand side of the third equation
of (9). The solution is thus obtained easily. For example, if the acticn
is that of the concentrated moment directed along the a-axis, then the

M;

solution has the form u = D U, .., wT Dsz, T1 =D 7}2, ey, H1 =
DﬁHiz’ where 73, e, Hl are the stresses and moments in the shell.
For the moment along the (-axis we obtain u = Dou,,....H = DS, .

We shall next consider the membrane equations of a shell of positive
Gaussian curvature (the last restriction is essential, because the dif-
ferential equations will be of the elliptic type only for such shells).
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Let us split the matrix of the operators of the system A, into the
principal and secondary matrices in the same way in which this was done
for the moment equations A;, = Aig + A;,. In accordance with the differ-

ential equations of equilibrium in the displacements [9], the matrix has
the form

2, 1—06 2 146 p 2 1 G
Da.a+ 5 DBB 2 DaB —(K-}_"_B‘)Da
o i+¢ 2 1—o¢ 2 2 s 1
| D] = 5— Dag 5— Daa + Dpg —(§;+§;)Dﬁa
i 6 [} 1
— 2D ) P 2
l (31 +Rz) ¢ (Rl +Rz) B rn

The matrix of the algebraic cofactors l;, will be symmetric in the
given case, namely, !, =1,., i, k=1,2 and its elements have the form

hi=(1—o) ("qua + 1;;;—"03%), e = — 2 _2—6 P*Dqj
lis= 1—;EDa [(},L1 + 7—%) D + ’130973]

e = (1 — ) (52 D& + ruD)

lzs:%Dﬁ[’stfa-l- (%—}—%)D;ﬁ;], lyg =270 A

Here

_ (1, 2 1 _ 2+ 1 2+s 1
=g lmtmm tas) e= R R =

The operator A = |Ai2| has the form

_ =01 —0s») 11 2 1 3\
A= 2 (7 Ded + 7y Ded)
TABLE 1.
X Y z
x
u — %1 In r2 Ao r_:l “SDG [’7113(1) —

— (1 40) py?/r?] P 1n 2

Ao "3‘ —-— ¥ In r2 K3DB [Ings(l) +
+ (1 4+ 0) pz¥/r?] r2ln r2
w —u3D,, [mal(l) — — u;,DB [M32(1) + — #gr?ln r2

— 2py*/r2] rtln r? -+ 2px%/r?] r¥]n r?
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Here
_B—9(1+9 _ (4o _i+s _3(1—o
* = 16nEh v YT gaFER ' % T GnER T T32RER
1 1 u>.~i(1_ﬂ_5—3°) (1)_.i(li"_°._5_—_3°)
P= R T R M = 5\ "R, R/ mu™ = T\ R R,
1 3—2 1 3—2
M == — W1 __2—%
ms R, R, Mmsza 1 R,
z= A (a— ao), y =B (3 —Bo), r=V A% (a — ao)® + BB — Bo)?
TABLE 2.
x | v | 2
T —1—D 3 In r2 —1—1)[1 lnr — 1 @ Inr2—2t
1 gn Dol Gto)Inrt+ g2 Dg|(1—0)lnr g | M I — ek —
2 y?] 2%y%
+20+9%] —2t+9% —+0)p 5]
1 : 1 1
T, 8T;Da[(1—°)ln"2— ~§;‘Da[(3+c)lnr2+ E[mm)lnrz-}— 2t +
2 227 ]
——2(1—}-0);;] T2(1+0)n +(1+6)p,—”
S ——E-D 1 Inr2 + —-iD[(1——-Glnr2+ }-Dz[m @ 4
1 imDpj(t—0)lnr dna ) 8n “a p| s
.-
+20+ 095 +(1+G)t]r"‘lnr7

+2(1+c)%]

B Bt 1

G| 357 Daeg [ma® + 5an Palap [maz(z) + in [(1 +o)lnrt4
2

+ 2] r2In r? + 2z] r2ln 12 +2(1—0) -f—z—]
h? 1

@ 5n [(1 +o)In r2 -

2 ps @ D3
G| 3zz Da’pplmar — Zazt Da’ap a2
2
—2t] r2ln r? — 2] r2ln r? +2(1—c)%2]
h? h? 1—oczy
H, —(5_:iDB [m61(2) In 72 — — E;[-Da m62(2) Inr? — S
1+ ca? z2y? At eyr W
T "R, Pt R, r2 P
2 4 2 22
+ 7] + 5

In Table 2
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2.7 (2)__1_(5_-;_:_9_1—35)
t R, + & me” = TR, Rs
546 1—3¢ 1—3c/1 1
() = — (1 - - (2) — _— -
e ) mss > (%t 7)
1426 , 1 —2¢ 1 5 1 3
(2) — — (2) _____ () R .
ma R, R R~ Ry a1 R R
3+25 3—2 3 2(1 4 26) 3 21+ 20)
2) = @) — = 2 T2 (@) — 2 _ 21T <)
nisy R, + R, ° mey R R, ) meg R, R:
TABLE 3.
X Y z
T1Y1
U b mu(:” In r? pz-;;“ 5 Da [(2 (1 + 6) -
)
— mm(S)) In 72 — mgy® 3’!_1_3]
x n
y L — % m® In 2 — 3 D,[eu+o +
3
+ mls(s)) 111 r1 -_— ng(a) zll ]
® } %
w —gpa[(z(H_c) - —TDB[(2(1+5) + > At lnry?
2
- m13(3)) In rlz _ + m13(3)) ln 7‘12 — mzs(a) ;11“2]
2
- m23(3) %J
Here

= Vif;A (d. - ao)r =

VEB (B—Bo), n= VR,A’ (¢ —a0)® + R1B (B — Bo)?

2445 1, 244
myy® = Rz ey g ® = Rzz + g+ +
VR1H2 Ri* — Ry? (R—R2
=7 17t @ = 1 2 1 2)
16nER ° ™t = TRR, ms® = 2= p
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TABLE 4,
x Y Z
i Ry 1 Ry VAR
i mY mPlnrs ~&V Epgmre | —EEBp
1 R 1 R, . V R\R,
B~V mbbrt | l/E D dn it ~am Deb lnrt
Si )V R Delnrs @V BDalnrt “am Dap lnrs
Here
oEh 2ER
61 =—37 o7 Paa +Dgd) wis Gr=— 3T = (Pac + Dei) v
2Eh8 .
H= o) Dab (=X7Y. 2

Note. The index i indicates that » must be taken from Table 3 for
the corresponding force.

Here R, and R, are of the same sign, and, therefore A is an elliptic
operator.

The method of solution is here repeated in the same order as for the
moment equations. Its description is, therefore, omitted. Only a few
expressions will be given which are needed for better understanding.

The function y, which denotes the principal part of the fundamental
solution of the equation

1— 3

5
AD = 5= 15

for the membrane operator A, has the form

R R,
'll} = 1—6?—%’7{—;—_%7- r12 ln "12, 7'12 = A2R2 (d — do)z + B2 Rl (B —*Bo)2
Performing computations analogous to the preceding ones, we obtain

the principal singularities of the functions u, v and w (Table 3).

The components of deformation &,, ..., T are found by differentiat-
ing the functions u, v and w. The stresses and moments T, ..., H, are
expressed in terms of €,, ..., T with the aid of the relations of
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elasticity. Performing the calculations, which will not be given here,
we obtain the results which are given in Tables 2 to 4 for the general
as well as for the membrane cases.

The results of this work for a circular cylindrical shell have been
compared with the results obtained by Darevskii [2}. It was found that
the asymptotic formulas given here for u, v, T,, T2' Sl and S2, under
the action of the concentrated forces X and Y, and also G, and G,, under
the action of the force Z, coincide with the corresponding formulas in
[2]. The remaining formulas do not agree. One can show that the dis-
agrement is caused by the fact that in the present work and in [2]
thei- are used different conditions of elasticity. The proposed method
.+ #pplicable for arbitrary versions of the elasticity relations.

For a spherical shell the results of this article coincide with the
yesults of Gol’denveizer [1].

The author expresses his sincere gratitude to A.L. Gol’denveizer for
proposing the problem and for valuable consultations.
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